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ROOT MULTIPLICITIES AND NUMBER OF NONZERO
COEFFICIENTS OF A POLYNOMIAL
SANDRO MATTAREI
Abstract. It is known that the weight (that is, the number of nonzero
coefficients) of a univariate polynomial over a field of characteristic zero
is larger than the multiplicity of any of its nonzero roots. We extend
this result to an appropriate statement in positive characteristic. Fur-
thermore, we present a new proof of the original result, which produces
also the exact number of monic polynomials of a given degree for which
the bound is attained. A similar argument allows us to determine the
number of monic polynomials of a given degree, multiplicity of a given
nonzero root, and number of nonzero coefficients, over a finite field of
characteristic larger than the degree.
1. Introduction
Call weight of a univariate polynomial over a field the number of its
nonzero coefficients. This concept is relevant to various branches of math-
ematics. To mention just one example, polynomials over finite fields are
widely used in coding theory and cryptography, and in certain situations
those with low weight are preferable, because they allow faster computa-
tions.
There are various relationships between the coefficients of a polynomial
and the distribution of its roots. A very simple one involving the weight is
the following, which is Lemma 1 of [Bri01].
Lemma 1. The weight of a polynomial f(x) over a field of characteristic
zero exceeds at least by one the multiplicity of any of its nonzero roots.
The simplicity of this result suggests that it may be folklore. For example,
an analogue in positive characteristic appears in the paper [HBK00] cited
below. Brindza’s proof is by induction on the multiplicity, and coincides in
essence with the first two paragraphs of the proof of our Theorem 2 given
in the next section. The polynomial (x − 1)n shows that the lower bound
for the weight of f given in Lemma 1 is best possible.
An immediate consequence of Lemma 1, as drawn in Theorem 1 of [Bri01],
is that the weight of a polynomial f with f(0) 6= 0 exceeds at least by one
the ratio of the degree of f over the number of its distinct roots in the field
of definition. Note that the assumption that 0 is not a root of f is harmless
and natural, because the weight of f remains unaffected after dividing f by
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a power of x. Again, the polynomial (x−1)n shows that this result is sharp,
as noted in [Bri01]. We mention here the more general example (xd − 1)n,
which has each of its d distinct roots (in a splitting field) with multiplicity
n, and has weight n+ 1 = nd/d+ 1.
Lemma 1 remains true in prime characteristic p provided the degree of f
is less than p, and in this form it is proved and used by Heath-Brown and
Konyagin in [HBK00]. In fact, it is enough to assume that the root multi-
plicity involved is less than p, as stated and applied in [Mat, Lemma 9]. The
polynomial xp − 1 shows that this assumption cannot be further weakened.
The first goal of this note is to prove the best possible conclusion when this
assumption is removed.
Theorem 2. Let f(x) be a polynomial over a field of characteristic p, having
a nonzero root ξ with (positive) multiplicity exactly k. Then f(x) has weight
at least
∏
t(kt + 1), where k =
∑
t ktp
t is the p-adic expansion of k.
The conclusion of Theorem 2 is best possible, because
∏
t(kt + 1) is the
weight of the polynomial (x− 1)k =
∏
t(x
pt − 1)kt .
Our second goal is to produce another proof of Lemma 1 based on a
different idea from that of [Bri01]. Instead of working by induction on k,
we deduce the result by linear algebra directly from the fact that (x − 1)k
has weight k + 1. Although this approach does not seem to easily extend
to a proof of Theorem 2, it has other advantages, because it can be used
to produce additional information. To illustrate this claim, we extend the
argument to compute the number of polynomials of degree n (in character-
istic zero), having a nonzero root (which may conveniently be taken to be
1 or −1, see the first paragraph in Section 2) of multiplicity k and minimal
weight k + 1.
Theorem 3. Over a field of characteristic zero there are exactly
(n
k
)
monic
polynomials f(x) of degree n which are multiples of (x+1)k and have weight
k + 1. Each of them is determined uniquely by the set of degrees of its
nonzero monomials.
Theorem 3 remains true over a field of characteristic p > n, and becomes
then a special case of Theorem 4 below. We illustrate some of the difficulties
which one runs into without this assumption by working out the case n = p
in Example 6.
The argument used to prove Theorem 3 can be extended to give a descrip-
tion of the set of monic polynomials f(x) of degree n which are multiples
of (x + 1)k and have given weight w, for any w > k + 1. While such a set
is infinite in characteristic zero, over a finite field we can compute its finite
cardinality explicitly, again under the additional assumption that n < p.
This is an immediate consequence of the following more precise result.
Theorem 4. Let Fq be the field of q elements, let p be its characteristic,
and let 1 ≤ k ≤ n < p. For all positive integers w, set
Mw =
∑
v≥k
(−1)w−v−1
(
w − 1
v
)
qv−k.
In particular, Mw vanishes for w ≤ k.
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Let J be a subset of {0, 1, . . . , n − 1} with |J | = w − 1. Then Mw equals
the number of polynomials in Fq[x] of the form
xn +
∑
j∈J
fjx
j = f(x) = (x+ 1)kg(x)
for some g(x) ∈ Fq[x], with fj 6= 0 for all j ∈ J .
Corollary 5. Let Fq be the field of q elements, let p be its characteristic,
and let 1 ≤ k ≤ n < p. Define Mw as in Theorem 4. Then the number of
monic polynomials f(x) ∈ Fq[x] of degree n which are multiples of (x + 1)
k
and have weight exactly w, equals
( n
w−1
)
Mw.
2. Proofs
If ξ is a nonzero root of f(x) with multiplicity exactly k, then f(ξ−1x)
has 1 as a root with the same multiplicity, and has the same weight as f(x).
Hence we assume that ξ = 1 in the following proof.
Proof of Theorem 2. We proceed by induction on k. The case k = 1 being
obvious, assume that k > 1. By dividing f(x) =
∑
i fix
i by a suitable power
of x, which leaves its weight unchanged, we may assume that f0 6= 0.
If k < p the derivative
f ′(x) =
∑
i
ifix
i−1
has 1 as a root with multiplicity exactly k− 1, and has weight one less than
the weight of f(x). By induction, f ′(x) has weight at least k = k0, and
hence f(x) has weight at least k0 + 1.
Now suppose that k ≥ p. Write f(x) = (x − 1)k−k0 · g(x) and g(x) =∑
i gix
i. Since (x− 1)k−k0 = (xp − 1)(k−k0)/p, for each 0 ≤ j < p we have∑
i
fpi+j x
pi+j = (x− 1)k−k0
∑
i
gpi+j x
pi+j
and, consequently,
(1)
∑
i
fpi+j y
i = (y − 1)(k−k0)/p
∑
i
gpi+j y
i,
having set y = xp. The polynomial
∑
0≤j<p
(∑
i gpi+j
)
xj equals the reduc-
tion of g(x) modulo xp−1, and hence has 1 as a root with multiplicity exactly
k0. The first part of the proof shows that its weight is at least k0+1. Hence∑
i gpi+j 6= 0 for at least k0 +1 distinct values of j. Consequently, for those
values of j the polynomial at the left-hand side of Equation (1) is nonzero,
and has 1 as a root with multiplicity exactly (k − k0)/p =
∑
t>0 ktp
t−1.
Since this multiplicity is less than k, induction implies that
∑
i fpi+j y
i has
weight at least
∏
t>0(kt + 1). We conclude that f(x) has weight at least
(k0 + 1) ·
∏
t>0(kt + 1) =
∏
t≥0(kt + 1). 
Now we return to characteristic zero and give our alternative proof of
Lemma 1. In order to avoid certain alternating signs, from now on it will
be convenient to choose −1 instead of 1 as our distinguished nonzero root
of f(x) with multiplicity k.
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Proof of Lemma 1. Let f(x) =
∑n
i=0 fix
i be monic of degree n, and suppose
that f(x) = (x+ 1)kg(x), with g(x) =
∑n−k
i=0 gix
i. Hence we have
(2) fi =
n−k∑
j=0
gj
(
k
i− j
)
for all i = 0, . . . , n. Now note that(
k
i− j
)
=
k!
(i− j)!(k + j − i)!
=
k!
i!(n − i)!
·
i!
(i− j)!
·
(n− i)!
(k + j − i)!
=
k!
i!(n − i)!
· (i)j · (n− i)n−k−j,
where (a)b denotes the integer a!/(a − b)! = a(a − 1) · · · (a − b + 1), for
0 ≤ b ≤ a. Therefore, we can rewrite Equation (2) in the form
i!(n− i)! · fi = k!
n−k∑
j=0
gj · (i)j · (n − i)n−k−j .
In particular, fi vanishes, for some i with 0 ≤ i < n, if and only if
n−k∑
j=0
gj · (i)j · (n− i)n−k−j
vanishes. This expression can be viewed as a polynomial in the indetermi-
nate i, of degree at most n− k, and it is not the zero polynomial, otherwise
fi would vanish for all i < n. Hence it has at most n − k roots, and so at
most n − k of the coefficients fi vanish. Consequently, f(x) has weight at
least k + 1. 
Proof of Theorem 3. Consider an arbitrary polynomial of the form f(x) =
(x+1)kg(x) and of degree at most n. Let I be a subset of {0, 1, . . . , n− 1}.
Continuing the notation of our Proof of Lemma 1, and according to (2), the
condition that fi = 0 for all i ∈ I is equivalent to
(3)
n−k−1∑
j=0
gj
(
k
i− j
)
= −gn−k
(
k
i− n+ k
)
for all i ∈ I.
Now suppose that |I| = n− k. Viewing gn−k as assigned, (3) is a system of
n− k linear equations in the n− k indeterminates g0, . . . , gn−k−1. We claim
that the system has a unique solution.
In fact, if g(x) is the polynomial corresponding to any solution of the
homogeneous system obtained by setting gn−k = 0 in (3), then f(x) =
(x + 1)kg(x) has (degree less than n and) weight at most k. Because of
Lemma 1 then f(x) can only be the zero polynomial, and hence the system
has maximal rank n−k. If we now set gn−k = 1 in (3), then the system has a
unique solution, as claimed. This solution yields a unique monic polynomial
f(x) = (x+1)kg(x) of weight at most k+1, and hence exactly k+1 according
to Lemma 1.
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According to Lemma 1, the system of equations (3) can be satisfied for a
nonzero polynomial only if |I| ≤ n − k. Consequently, distinct subsets I of
{0, 1, . . . , n−1} with |I| = n−k yield distinct monic polynomials (x+1)kg(x)
of degree n and weight k + 1. We conclude that there are exactly
(
n
k
)
such
polynomials. 
The Proof of Theorem 3, like the preceding Proof of Lemma 1, remains
valid in prime characteristic p provided n < p. We illustrate the obstacles
arising when n ≥ p by considering the simplest case n = p, which does not
fit the conclusion of Theorem 3.
Example 6. Work over a field of characteristic p and suppose that 0 < k <
n = p. The first two paragraphs of the Proof of Theorem 3 apply unchanged,
but the last paragraph fails. In particular, the system of equations (3) with
|I| = p−k has only the null solution when gp−k = 0, and hence has a unique
solution when gp−k = 1. However, the system may have nonzero solutions
even when |I| > p−k. Consequently, to each subset I of {0, 1, . . . , p−1} with
|I| = p − k there does correspond a unique monic polynomial f(x) = (x +
1)kg(x) of degree n and weight at most k+1, but polynomials f(x) associated
with distinct subsets I need not be distinct. In fact, the polynomial f(x) =
xp + 1 is associated with all those subsets I not containing 0. On the other
hand, for each polynomial f(x) associated with a subset I containing 0, the
polynomial f(x)/x has degree p − 1 and weight at most k + 1. Because of
Theorem 3, those polynomials f(x)/x are distinct and in number of
(p−1
k
)
.
We conclude that, in characteristic p, there are exactly
(p−1
k
)
+ 1 monic
polynomials which are multiples of (x + 1)k, have degree p and weight at
most k+1. More precisely, all of them except xp +1 have weight k+1 and
are multiples of x.
Proof of Theorem 4. For each subset J of {0, 1, . . . , n − 1} let MJ be the
number of polynomials in Fq[x] of the form
xn +
∑
j∈J
fjx
j = f(x) = (x+ 1)kg(x)
for some g(x) ∈ Fq[x], with fj 6= 0 for all j ∈ J . We will prove that
MJ = M|J | for all J .
The number of polynomials of the form described above, but without the
requirement that fj 6= 0 for all j ∈ J , equals
∑
J ′⊆J MJ ′ . However, those
polynomials are in bijective correspondence with the solutions of the linear
system (3), with I = {0, 1, . . . , n − 1} \ J and gn−k = 1. We have seen
in the Proof of Theorem 3 that any subsystem of (3) consisting of n − k
equations has exactly one solution. Since the system under consideration
here comprises |I| = n − |J | equations, it has no solutions if |J | < k, and
has q|J |−k solutions otherwise. Therefore, we have
∑
J ′⊆J
MJ ′ =
{
q|J |−k if |J | ≥ k,
0 otherwise.
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An application of Mo¨bius inversion (see [Com74, page 202], for example)
yields that
MJ =
∑
J ′⊆J, |J ′|≥k
(−1)|J\J
′| q|J
′|−k
=
∑
v≥k
(−1)w−v−1
(
w − 1
v
)
qv−k,
where in the last passage we have set |J | = w − 1 and |J ′| = v. 
Corollary 5 follows at once from Theorem 4. Note that, of course,∑
w
(
n
w − 1
)
Mw =
∑
v≥k
qv−k
∑
w
(−1)w−v−1
(
n
w − 1
)(
w − 1
v
)
=
∑
v≥k
qv−k
∑
w
(−1)n−vδn,v = q
n−k
is the total number of monic polynomials of degree n which are multiples of
(x+ 1)k.
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